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Combinatorics coming from hyperplane













4 Orlik-Solomon ([Ka] ). 5
[EF, Fa] .
1 (Arrangement of hyperplanes)
.
$\mathbb{C}^{\ell}$ $A$ . $A$
$L:= \{\cap B=\bigcap_{H\in B}H:B\subset A, \cap B\neq\emptyset\}$ . $L$ I $\mathrm{Y}\leqq X$
$\mathrm{Y}\supseteq X$ $A$ Intersection poset
. $L$ 2 :
$\bullet \mathcal{E}=\mathcal{E}(A)=\{B\subseteq A : \cap B\neq\emptyset\}$ ( ) ( $T\subset S\in \mathcal{E}\Rightarrow$
$T\in \mathcal{E}$ ) .




( ) $\mathrm{r}$ (rank function)
I $\mathrm{r}$ .
(mlfine) . $A$ A\neq \emptyset \approx E $=2^{E}$
(central) .
coning deconing
. $A$ $\mathbb{C}^{\ell}$ $(x_{1}, \ldots , x_{\ell})$
. $H\in A$ $+a_{1}x_{1}+\cdots+a_{\ell}x_{\ell}=0(\mathrm{q}\in \mathbb{C})$
$\mathbb{C}^{l+1}$ (x0, $x_{1},$ $\ldots,$ $x_{l}$ ) $\mathrm{c}H$ : $x_{\mathit{0}}+a_{1}x_{1}+\cdots+a_{\ell}x\ell=0$
. $\mathbb{C}^{\ell+1}$ $B$ : $x_{0}=0$ . $\mathbb{C}^{t+1}$
$cA=\{cH: H\in A\}\cup\{B\}$ $A$ cone . cone
cone . $C$ 1 $B$
$dC$ $C$ decone







$A=$ {1,2, 3, 4} . $X:=$ $\{1,2\}\in \mathcal{E}$ $\mathrm{r}(X)=2$ .
$\mathrm{Y}:=$ $\{3,4\}\not\in \mathcal{E}$ $\mathrm{r}$ (Y) . $A$ cone $cA=$
$\{\mathrm{c}1, c2,c.3, \mathrm{c}4, B\}$ . $cX=$ $\{$cl, $\mathrm{c}2\}_{\text{ }}\mathrm{c}\mathrm{Y}=$ {c3, $c4$} $\mathrm{r}(cX)=2_{\text{ }}$
$\mathrm{r}(cX\cup\{B\})=3_{\text{ }}\mathrm{r}(c\mathrm{Y})=2_{\text{ }}\mathrm{r}(\mathrm{c}\mathrm{Y}\cup\{B\})=2$ .






$A$ $U= \mathbb{C}^{\ell}\backslash \bigcup_{H\in A}H$ $\text{ ^{}\theta}\circ$ $H_{\mathrm{D}\mathrm{R}}$
. (U)
[Br, Brieskorn(1973)]. $\mathbb{C}^{2}$ (x, $y$ )
$x=0,$ $y$ =0, $x=y,x+y=1$ $H_{\mathrm{D}\mathrm{R}}.(U)$







$K$ 1 $(\mathbb{C}, \mathbb{R}, \mathbb{Z})$ . $E$ $K$
$\wedge(E)$ $(\wedge^{0}(E)=K, \wedge^{1}(E)=\oplus_{e\in E}K$e).
2.1. $\Lambda$(E) $K$ $=\partial_{E}$ $:\wedge^{\mathrm{p}}(E)arrow\wedge^{p-1}(E)$ :
$\bullet$ $\partial_{E}1=0$ , $\partial_{E}e=1$ $(e\in E)$
$\bullet$ $\partial_{E}(e_{1}\Lambda...\Lambda e_{\mathrm{p}})=\sum_{k=1}^{p}(-1)^{k-1}e_{1}\wedge\cdot$ . . $\Lambda\hat{e_{k}}\wedge\cdot$ . . $\wedge e_{p}$ $(p\geq 2, e_{j}\in E)$
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$S=$ ($e_{1},$ $\ldots,$ $e$p); $e_{j}\in E$ $e_{S}:=e_{1}\Lambda$ . . . $\Lambda e_{\mathrm{p}}$ .
2.2. $\partial_{E}$ $\ovalbox{\tt\small REJECT}$
1. $\partial_{E}^{2}=0$ ,
2. $a\in\wedge^{p}$ (E) $b\in\wedge(E)$ $\partial_{E}$ (a $\Lambda b$) $=(\partial_{E}a)\wedge b+(-1)^{p}a\Lambda(\partial_{E}b)$
2.3. $A(=E)$ $\{e_{S} : S\not\in \mathcal{E}\}\cup\{\partial es : S\in \mathcal{E}\backslash \mathrm{I}\}$
$\wedge(E)$ $I$ (A) $A(A):=\wedge(E)/I$ (A) $A$ Orlik-Solomon
, $A$ $I$ (A) $\{\partial e_{S} : S\not\in \mathrm{I}\}$
.
Orlk-Solomon .
2.4([0S, Orlik-Solomon(1980)]). $H^{p}$ (U, $\mathbb{C}$) $\simeq$ $\mathrm{R}(U)\simeq A^{p}(A)$
.
$A(A)$ $A$ $(\mathcal{E},\mathrm{I})$ ( $L$) ?
. .
Rose-Terao $A,$ $B$ 3 $\mathbb{C}^{3}$ .
$A$ $B$
3: $\mathrm{R}\mathrm{o}\mathrm{s}\triangleright \mathrm{T}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{o}$
1 3 $A$ 2 $B$ 1 . $A$ $B$
( $L$ ). Orlk-Solomon
. $E(A)=\{e,, . . ., e_{6}\}$ , $E(\mathcal{B})=\{f1, . .., f_{6}\}$
. $I(A)=\langle$ $\partial e_{123},$ $\partial$e145 $\rangle$ , $I(\mathcal{B})=\langle\partial f123, \partial f_{456}\rangle$ . $\phi:\wedge(E(A))arrow$
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$\wedge$ ( $E$(B)) $\phi(e_{i})=f_{i}$ ; $i$ =1,2, 3, 6, $\phi(e_{4})=f_{5}-f_{4}+f_{1},$ $\phi(e_{5})=f_{6}-f_{5}+f_{1}$
.
$\phi$ ( $\partial$e123) $=\phi$(e23-e13 $+e12$ ) $=$ \sim 23-f13 $+f12=\partial f123$
$\phi$($\partial$e145) $=\phi$(e45-e15 $+e\mathrm{l}4$ )
$=(f_{5}-f_{4}$ ) $\Lambda$ ($f_{6}-$ f5 $+f_{1}$ ) $-f_{1}\Lambda($h $-f_{5}$ ) $+f_{1}\Lambda$ ( f5 $-f_{4}$ )
$=(f_{5}-f_{4})\Lambda(f_{6}-f_{5})=f_{5}\wedge f_{6}-f_{4}\Lambda f_{6}+f_{4}\Lambda f_{5}=\partial f_{456}$
$I(A)\simeq I$(B) $A(A)\simeq A(\mathcal{B})$ . Orlik-Solomon
.
3 $(\mathrm{q}\mathrm{u}\mathrm{s}\mathrm{a}\mathrm{i}-\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{i}\mathrm{d})$
$A$ $\mathrm{I}=\{S\in \mathcal{E} : \mathrm{r}(S)=|5|\}$
. $A,$ $B,$ $\ldots$ ,
$a,$ $b,$ $\ldots$ $S\cup e=S\cup\{e\}$ . [
[Ox, We, Wh] .
$E$ ( $A$ ) .
3.1, $\mathrm{I}(\neq\emptyset)$ ( $S’\subset S\in \mathrm{I}\Rightarrow S’\in \mathrm{I}$ )
(I) $I_{1},$ $I_{2}\in \mathrm{I}$ $|I_{1}|<|I_{2}|$ . $e\in I_{2}\backslash I_{1}$ $I_{1}\cup e\in \mathrm{I}$
.
$M=$ $(E,\mathrm{I})$ (matroid) $\mathrm{I}=\mathrm{I}(M)$
, .
.
$A=E$ $\infty \mathrm{n}\mathrm{e}cA$ $M\cdot=$ $(E\cup b,\mathrm{I})$
$b$ . $M$ $b$ $(M, b)$
(pointed matroid) .
3.2. $\mathrm{I}$ I $\mathcal{E}$ (I $\subset \mathcal{E}$)
(Q) $X\in \mathcal{E}$ $X$ I $I$ $I\cup e\in \mathcal{E}\Rightarrow X\cup e\in \mathcal{E}$.
. $Q=$ $(\mathcal{E},\mathrm{I})$ .
$\mathcal{E}=2^{E}$ $Q$
(–ffi ) . .
$\bullet$ I (independent set) .
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$\bullet$ $\mathcal{E}\backslash \mathrm{I}$ (dependent set) .
(base) 1
( ) . $Q$
(rank) $\mathrm{r}$ (Q) $|$
(circuit) .
$X\in \mathcal{E}$
$\bullet$ $X$ $X$ (base) .
$\bullet$ $X$ $X$ (rank) $\mathrm{r}$ (X)
$X$ $\mathcal{E}$ $X$ (closure) :
$\mathrm{d}(X)=\cup\{\mathrm{Y}\in \mathcal{E} : \mathrm{Y}\supset X,\mathrm{r}(\mathrm{Y})=\mathrm{r}(X)\}$ .
( : (Q) $\mathrm{w}\mathrm{e}\mathrm{U}$-define )
$\bullet$ $\mathrm{c}1(X)=X$ $X\in \mathcal{E}$ (fiat) .
$L(Q)$ poeet( ) .
1 $A$ 1 $(\mathcal{E},\mathrm{I})$ :
$I=B_{1}\in \mathrm{I}$ $X=$ $\in \mathcal{E}$ ( ) $\cap B_{1}=\cap B_{2}\neq\emptyset$
$\mathrm{c}\mathrm{o}\dim(\cap B_{1})=|B_{1}|$
$I\cup\{H\}\in \mathcal{E}\Rightarrow$ $(\cap B_{1})\cap H$ $\neq\emptyset\Rightarrow$ $(\cap B_{2})\cap H$ $\neq\emptyset\Rightarrow X$ $\cup\{H\}\in \mathcal{E}$
$Q(A)=(\mathcal{E},\mathrm{I})$ .
2 $(M, b)(M= (E\cup b,\mathrm{I}))$
$\mathcal{E}:=\{X\subseteq E|b\not\in \mathrm{c}1(X)\}=\{X\subseteq E|\mathrm{r}(X\cup b)=\mathrm{r}(X)+1\}$
$\mathrm{I}’’=\mathcal{E}\cap \mathrm{I}=\{I|I\cup b\in \mathrm{I}\}$ ($\mathcal{E},\mathrm{I}$f’) .
deconing .
$(\mathcal{E},\mathrm{I}\prime\prime)$ $(M, b)$ ( coning
)




$\mathrm{I}:=\{I\cup e|I\in \mathrm{I}^{\prime/}, e\in E, I\cup e\not\in \mathcal{E}\}$
$\mathrm{I}’’*b$ $:=\{I\cup b|I\in \mathrm{I}’’\}$
$\mathrm{I}:=\mathrm{I}’’\cup$ I $\cup X’*b$
$\mathrm{I}’:=\mathrm{I}’’\cup$ I
$\mathrm{I}^{\gamma}$ , I (I) . $M=(E\cup b,\mathrm{I})$
$(M, b)$ $Q$ .
.
$Q=$ $(M, b)$ . $M$ poset $L(M)$
(geometric lattice) $L$ (Q) (geometric semi-lattice
[ ) .
3.4. 2 $Q_{1}=(\mathcal{E}_{1},\mathrm{I}_{1})$ , Q2=(^, )
$\mathcal{E}=\{X_{1}\cup X_{2}|X_{1}\in \mathcal{E}_{1}, X_{2}\in\ \}$ , $\mathrm{I}=$ { $I_{1}\cup I_{2}$ $|I_{1}\in \mathrm{I}_{1}$ , $I2\in$ }
$(\mathcal{E},\mathrm{I})$ $Q_{1}$ $Q_{2}$ $Q_{1}\oplus Q_{2}$
.
- [Bry, T. Brylawski(1971)] .
parallel connection
: $(M_{1}, b_{1}),$ (M2, $b_{2}$ ) $b_{1}$ $b_{2}$
$(M_{1}, b_{1})$ $(M_{2}, b_{2})$ parallel connection $\mathrm{A}$ ‘ $P(M_{1}, M_{2;}b_{1}=b_{2})$
$\text{ _{}1}$
3.5. $(Q_{1}\oplus Q_{2})*b=P(Q_{1}*b_{1}, Q_{2}*b_{2;}b_{1}=b_{2})$
$\mathrm{R}\mathrm{o}\mathrm{s}\triangleright \mathrm{T}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{o}$ parallel connection .
4 Orlik-Solomon
$E$ . $Q=$ $(\mathcal{E},\mathrm{I}\prime\prime)$ Orlik-Solomon
$A(Q)$ : $I$ (Q) {es : $S\not\in \mathcal{E}$ } $\cup\{\partial es : S\in \mathcal{E}, S\not\in \mathrm{I}’’\}$
$A(Q)=\wedge(E)/I$(Q) $Q$ Orlik-Solomon
. $M=$ $(E,\mathrm{I})$ Orlik-Solomon $A(M)$ $I(M)$




. $e_{T}\partial e_{s}\in I$(M)
(eT\partial es) $=(\partial e\tau)(\partial es)\pm e_{T}(\partial^{2}es)=(\partial e\tau)(\partial es)\in I$ (M).
$\partial_{E}$
$\partial_{M}$ : $A^{\mathrm{p}}(M)arrow A^{p-1}(M)$
1. $\partial_{M}^{2}=0$ ,
2. $a\in A^{p}$ $b\in A$ M(a\wedge b)=( Ma) $\Lambda b+(-1)^{\mathrm{p}}a\Lambda(\partial_{M}b)$
$3$ . ($A$(M), $\partial_{M}$ ) clic :
$\partial_{M}(A^{\mathrm{p}+1}(M)):=m(aM : A^{p+1}(M)arrow A^{\mathrm{p}}(M))=\mathrm{K}\mathrm{e}\mathrm{r}$($\partial_{M}$ : $A^{p}(M)arrow A\mathrm{p}-$ 1(M))
. $Q$
4.1 $\partial_{Q}$ .
4.2. $Q$ $M=Q*b$ $(Q= (M, b))$
$A(Q)=\partial_{M}(A(M))$
.
. $(A(M), \partial_{M})$ acyclic
$0arrow\partial(A)arrow Aarrow\partial(A)i\partialarrow 0$
. $\partial(\omega)=1$ $\omega\in A^{1}$
t : $\partial(A)arrow A$ : t (d) $=\omega\Lambda d$
$t_{\mathrm{t}d}$ $(\partial t_{\omega}=1)$ . :
$0arrow\partial(A)arrow^{t_{\omega}}As$ $(A)arrow 0$ .
s
$s_{\omega}$ : $Aarrow\partial(A)$ : s (a) $=\partial(\omega\wedge a)$ .
.
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$M$ $E=$ {Q, $e_{1},$ $\ldots,$ $e_{n}$ } . $Q$
$(M, e_{0})$ $Q$ $E_{0}=$ { $e_{1},$ $\ldots,$ $e$n}
$\psi_{0}$ $:\wedge(E_{0})arrow\wedge(E)$ $\psi_{0}(e_{i})=e_{i}-e_{0}$ . $\psi_{0}$
$0arrow A^{\cdot}(Q)arrow A^{\cdot}(M)\prec\partial\tilde{\psi}_{\mathrm{O}}\partial$( $A^{\cdot}$ (M)) $arrow 0$
.
$0arrow$ $A$. $(Q)$ $arrow\overline{\psi}_{0}A.(M)-^{\partial}\partial(A.(M))arrow 0$
$\pi 0\downarrow$ $||$ $||$
0\rightarrow (A.(M))\rightarrow : $arrow A.(M)-^{\partial}\partial$(A.(M))–0,
. $\pi_{0}=s_{\mathrm{e}_{0}}\tilde{\psi}_{0}$ . . $\pi_{0}$ . $\pi_{0}$





$Q_{1},$ $Q_{2}$ $M_{1}=Q_{1}*b1,$ $M_{2}=Q_{2}*b2$ .
$Q_{1}=(M_{1}, \mathrm{h}),$ $Q_{2}=(\mathrm{A}\mathrm{f}_{2}, \mathrm{h})$ . :
4.3.
$A(Q_{1}\oplus Q_{2})=A(Q_{1})\otimes A(Q_{2})$ .
. $Q=$ $(\mathcal{E},\mathrm{I})$ $I$ (Q)
{ $e_{S}$ : $S$ $\mathcal{E}$ }
$\cup$ { $\partial es:S\in \mathcal{E}$ $S$ I ( )}
. $I(Q_{1}\oplus Q_{2})$ $I$ (Q1)
$I$ (Q2) .
$M_{1}$ $M_{1}*c=M_{1}\oplus c$ .
$(M_{1}\oplus c, c)$ $M_{1}$ : $M_{1}=(M_{1}\oplus \mathrm{c}, \mathrm{c})$ .






$(M_{1}\oplus Q2)$ $*b$ $=M_{1}\oplus(Q_{2}*b)=M_{1}\oplus M_{2}$
. $(M_{1}\oplus M_{2}, \mathrm{h})=M_{1}\oplus Q_{2}$ .
:
A(Ml\oplus M2) $=A(M_{1}\oplus Q_{2})$ (b2 )
$=A(M_{1})\otimes A(Q_{2})$ ( 4.3)
$=A(Q_{1}\oplus c)\otimes A(Q_{2})$ ( )
$=A(Q_{1}\oplus c\oplus Q_{2})$ ( 4.3)
$=A([Q_{1}\oplus Q_{2}]\oplus c)$ ( )
$=\partial A$($P$(M1, $M_{2})\oplus c$) ( 3.5 4.2)
$=A$($P$(M1, $M_{2}$ )) (c )
4.4. $M_{1},$ $M$2 parallel comection $P$ (M|1, $M_{2}$ )
:













Orlik-Solomon : $M_{1},$ $M_{2}$
$A(M_{1})\simeq A(M_{2})$ $A(T(M_{1}))\simeq A$ ($T($M2)) . $T$ (M)
$M$ truncation . parallel connection truncation paxallel
comection :
parallel $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\text{ }}$ truncation .
Orlik-Solomon $\Leftrightarrow$
parallel comection trun-
cation [Ox], [Fa] . $N$ $M$
truncation $(N=T(M))_{\text{ }}M$ $N$ erection .









). $A_{1}\cross A_{2}$ generic $\mathbb{C}^{2}$ $\mathbb{C}^{2}$ $dB$ .
$A_{1}\cross A_{3}$ generic $\mathbb{C}^{2}$ dA . $A_{2}$ $A_{8}$
( ) $A$ $B$ .
. ( parallel
connection) generic tnmcation .
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